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Generative model

O

r=| Ul
o o

35 i

of OH
ofl <0
k=)

k=
o0 Khu
pal

Kl

=M n7lE 27|

off Chet

&



Generative model
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Generative model —
P(Class|X) = P(X|Class)p(class)
P(X)

= Supervised Learning, Classification, training data : (X, Class)
= |nference, Decision

o,
m’ <) Model B pciassh)
J)

Discriminative approach Generative approach

P(Class|X) P(X|Class)P(Class)> P(Class|X)
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Generative model

= Generative model

a training data set X » Generative Model » Estimate P(X)

Generate samples ~P(X)



Latent variable

= Latent variable : 2t=& random variablesO| Ot&l, £2lJt H2l=2 A &St hidden variables(hidden
causes/unobserved random variable)

= Latent variable AF2%}+ generative modelO] 2 & : sampling0| /¥ &
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Latent variable

= Latent variable AF23%t generative model0] &2 & : sampling0l £ < &
= The problem of generating images of handwritten characters
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/A U R N R 2 R A U Y B BV
Ad2LAIIP2ZFA21AD2A2A
3333333533583 333
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59355535 SS 55958553579
b G 6 bQbbbceceéeédbt ol
T797777 072070 2%F7 77
¥ 3 ¢ &8 %P YB3 PTT ST &L ¢
71991999%9192%4993499 9

Doersch, C. (2016). Tutorial on variational autoencoders. arXiv preprint arXiv:1606.05908.



Latent variable

= Latent variable AF23%t generative model0] &2 & : sampling0l £ < &

00600006 0QopOo0OCI 00O

/A D R U T A 2 I 2 e U Y R RV : :
Intuitively, it helps if the model first

Ad22AI3 2282222222 decides which character to generate

3333333553433 333 before it assigns a value to any specific

Hg Y44 Yy ¢y54d4d 4§ 4\ &4 pixel.

595355535 SSHFS5TsSs585 459

b 6 6 bLebLbbde &6 ¢ b This kind of decision is formally called a
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Doersch, C. (2016). Tutorial on variational autoencoders. arXiv preprint arXiv:1606.05908.



Inference

= Statistical inference

https://www.ohio.edu/plantbio/staff/mccarthy/quantmet/lectures/lec5.pdf

Inference

Sample

StatiStics

Inference

€= ., Estimation)
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Inference

» |nference in machine learning : reason about (and compute) unknown probability distributions
= For most probabilistic models of practical interest, exact inference is intractable.

P(Z|X)|=

Bayesian Inference

CPRIZP@Z)  P(XIZ)P(Z)
P(X)  [P(x|2)P(z)dz

P(X|Z) : Likelihood function of z
P(Z): Prior probability of z
P(Z|X): Posterior probability of z

https://www.ohio.edu/plantbio/staff/mccarthy/quantmet/lectures/lec5.pdf



Inference

» |nference in machine learning : reason about (and compute) unknown probability distributions
= For most probabilistic models of practical interest, exact inference is intractable.
= So, we have to resort to some form of approximation

Generative model with latent variables +Inference

P(X) = jP(x|z)P(z)dz

Probabilistic model + Bayesian Inference

PX|Z)P(Z)  PX|Z2)P(Z)
P(X)  |[P(x|2)P(z)dz

P(Z|X) =

P(X|Z) : Likelihood function of z
P(Z): Prior probability of z
P(Z|X): Posterior probability of z

https://www.ohio.edu/plantbio/staff/mccarthy/quantmet/lectures/lec5.pdf



Approximate Inference

n=3000, 7~ 3.1133
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Rejection sampling, Importance sampling
Markov chain Monte Carlo (MCMCQ) : Gibbs
sampling, Metropolis-Hastings

KL{g(2)|lp(z]x)]

ELBO = flog(P(xlz) o)

P(z)

) q(z)dz

log P(X)

= Variational inference
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Inference from sampling

/ p(y, 2)dz

Marginal likelihood/
Madel evidence

Most inference problems will be one of:

p(0) = [ ply.0)d0
Elf(wle] = [ Fwp(ul)dy
p(ves1) = [ plonaln)p(un)dy: O
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Inference from sampling

» Importance sampling : Transform the integral into an expectation over a simple, known distribution

Integral problem P(X) = fP(x|z)P(z)dZ

P

TR

q(z) : proposal distribution

Proposal : easy to sample  P(X) = jP(x|z)

z&)~q(2), W) = Pz Importance Weight

1
Monte Carlo integration P(X) = EE W p(x|z®)



Inference as optimization

= Variational Inference
= Monte Carlo Integration CH¢! Jensen’s inequality

A
= Monte Carlo Integration : A E 8= 2= F=U =385 2 = JXEE AN

Jensen's inequality for convex function
I I I

f(a)
E[f(x)1 'I
f(b)--
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Inference as optimization

= Variational Inference
= Monte Carlo Integration CH4! Jensen’s inequality AHE

P(z)

P(X) = fP(xlz) Gy 1@z
logP(X) = long(sz) E iq(z)dz

(z)
108( q(2) [P(X|Z) q(j) )

log (Eq(z) [P(xlz) I;gi]) Eq llog (P(xlz) @ )>] Jlog (P(xlz) E i)q(z)dz




Inference as optimization

= Variational Inference
= Monte Carlo Integration CH4! Jensen’s inequality AHE

(z)
e ))q(Z)dz
:jq(z) log(P(xlz)) dz — [q(z) log(%) dz

= Eq(»|log(P(x12))] = KL[q(2)||p(2)]

logP(X) = flog(P(xlz)

Lower Bound : L



Inference as optimization

= Variational Inference

log P(X) — L(q)

=logP(X) — J log <P(x|z) 25;) q(z)dz
P(x,
= log P(X) —jlog( ;Q(CZ)Z)>q(Z)dZ
= log P(X) — j log (P(le) %) q(z)dz

P(z|x)
q(z)

P
= —flog( ;ilgc))q(Z)dz = KL[q(2)||p(z|x)]

log P(X) —flog( )q(z)dz — f log(P(x)) q(z)dz




Inference as optimization

= Variational Inference

log P(X) = L(q) + KL[q(2)|Ip(z|x)]

KL[q(2)|Ip(z|x)] = 0,if q(2) = p(z|x)
KL[q(2)Ip(z|x)] > 0,if q(2) # p(z]x)

KL|q(2)|lp(z|x)]

log P(X)
P(z)
q(z)

ELBO = jlog(P(sz) )q(z)dz




Inference as optimization

Variational Inference

F

r~——-.~—-l' e

L@ = | log(P<x|z)

= qO|| Zfet &

Functions:

R

l e Full and partial derivatives

AT

¢ Variables as input, output is a value.

dx

e E£.g., Maximise likelihood p(x|@) w.r.t.
parameters 6

P(z)
q(z)
ShA

2" (functional)

> q(z)dz

Functionals':
® Functions as input, output is a value.

SF
* Functional derivatives 7

* E£.g., Maximise the entropy H[p(x)]

w.rt. p(x)

e

Calculus of Variations
21



Inference as optimization

= Variational Inference

Maximize Likelihood = argmaxglog Py(X) = L(q) = qOll £f &F functional

D5 AESt= q =&z} .
=Z2 g ':> =approximate E> AL d}l_\@_rgéeﬁnce E> L(q) ZICH=t
S (sl P(Z|X)



Variational Autoencoders (VAE)

= Deep generative model, DNN=& =2 AtD|
= Autoencoder 22X AIZ
» ZUOUE3& :Z random variable, Z € 82X 2 JI&

f . g
(enc) (dec)

(enc) | (dec)

- N(0,1)




Variational Autoencoders (VAE)

= Loss function CIS
» Variational Inference 0| &

Maximize Likelihood = argmaxglog Pg(X) = L(q)

B2 A8ote q M=}

oLl gEl=s » =approximate » A d,'t\llirgéfnce » L(q) ZICHs}
S ksl P(Z|X) T

M Py (x[2)
Q q¢ (Z|x)T@ @
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Variational Autoencoders (VAE)

Loss function CHS
Variational Inference 0|2

Maximize Likelihood = argmaxglog Pg(X) = L(q)

q Z%e KL divergence
TEZ g2 » =approximate » *|Ag§}
N Els P(Z|X) —
- BWHAS DR ZRSE2 IS
- Q> TS 2EE MM > FTHHARRH &

= %(Z'xm) pe(x“"|z)




Variational Autoencoders (VAE)

= Loss function CI5,
= Variational Inference

Maximize Likelihood = argmaxglog Pg(X) = L(q)

- | log<P<x|z>P(Z))q<z>dz
q(z)

:Jq(z) log(P(xlz)) dz — [q(z) log(z(—;): sz

= Eq(p|log(P(x|2))]|- KL[q(2)|Ip(2)]

/ Evidence lower bound (ELBO) \

Reconstruction error Proposal distribution
: YEo 7hre2 29 48 should be like Gaussian




Variational Autoencoders (VAE)

= Reparameterization trick (Enable back propagation)

27



GAN

= Deep generative model
= Latent variable model

= VAE : Explicitly maximize likelihood
= GAN : Implicitly maximize likelihood

5

i *|  (generator)

Z: N(0,I) \

28



GAN

= VAE : Inference, Generator
= GAN : Generator, Discriminator

D 1(Real)
& 4 |(discriminator O(fake)
real iage 1(real)
- G 4 — Discriminator training
yovon dia — Generator training
s ‘ fake image

29



GAN

= Learning by comparison
= Comparing the estimated distribution q(x) to the true distribution p(x) using samples.

F(%,0,6) = Epe (2)[log Dg(x)] + Eq, (2)[log(1 — Dy (x))
Alternating optimisation ﬂ’gﬂ mgax,?—'(x, 9: Gb)

Comparison loss 0 o VQEP*(E] [ng Dg (x)] -+ VGE%(I)[lﬂg(l - Dg (x)]

(Alt) Generative loss () X — Vf;; ]Eq(z) [log Dy (f(f} (Z) )]

30



Deep generative models

Maximum Likelihood
Likelihood = the probability that the model assigns to the training data

Explicit| density Implicit|density
| ) | | Markov Chain
Tractable density Approximate density | arov »ial

-Fully visible belief nets / \ - (GGSN
-NADE - o _

_MADE Variational |Markov Chain

-PixelRNN Variational autoencoder Boltzmann machine
-Change of variables

models (nonlinear ICA)

Direct

| Maximum Likelihood | - |
| / \ | / GAN
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Conclusions

B7E L2 9f 3 AHdle] Do| o Yg

6E’E.OH "JOI & E1 '—fgxl 2 1'—f
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Appendix

= Maximum Likelihood
= Likelihood = the probability that the model assigns to the training data

m
0" = argmaxg 1_[ Pmodel(x(‘);e)
i=1

m .
i=

m
= argmaxg 2 l0gPmoaet(xV; 6)

=1
= argmaxg Ex~Pdatalongodel(x|9)

0" = argmax E,p,... 10g Pmodel(x | 6)
7,
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Appendix

= Kullback-Leibler divergence

- S EHERTO X012 H

= ™ Ol A&Ql =20 CHoll, -1 =&

HNE=1L Xt0I = AHlLte

= JAIEEES AISE I '20FL &

= JE=ZI= "E229 &2

KL(plllq) # KL(qllllp)
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